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The Black Hole Uncertainty Principle correspondence suggests that there could exist black holes
with mass beneath the Planck scale but radius of order the Compton scale rather than Schwarzschild
scale. We present a modified, self-dual Schwarzschild-like metric that reproduces desirable aspects of
a variety of disparate models in the sub-Planckian limit, while remaining Schwarzschild in the large
mass limit. The self-dual nature of this solution under M ↔ M−1 naturally implies a Generalized
Uncertainty Principle with the linear form ∆x ∼ 1
∆p
+ ∆p. We also demonstrate a natural di-
mensional reduction feature, in that the gravitational radius and thermodynamics of sub-Planckian
objects resemble that of (1 + 1)-D gravity. The temperature of sub-Planckian black holes scales as
M rather than M−1 but the evaporation of those smaller than 10−36g is suppressed by the cosmic
background radiation. This suggests that relics of this mass could provide the dark matter.
PACS numbers: 04.70.Dy, 04.60.-m, 04.60.Kz
I. INTRODUCTION
One of the foundational tenets of the microscopic do-
main is the Heisenberg Uncertainty Principle (HUP)
which implies that the uncertainty in the position and
momentum of a particle must satisfy ∆x > ~/(2∆p).
An important role is therefore played by the reduced
Compton wavelength, RC = ~/(Mc), which can be ob-
tained from the HUP with the substitution ∆x → R
and ∆p → cM but without the factor of 2. Similarly,
a key feature of the macroscopic domain is the exis-
tence of black holes, a spherically symmetric object of
mass M forming an event horizon if it falls within its
Schwarzschild radius, RS = 2GM/c
2.
FIG. 1: The division of the (M,R) diagram into the classical,
quantum, relativistic and quantum gravity domains.
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As indicated in Fig. 1, the Compton and Schwarzschild
lines intersect at around the Planck scales, `Pl =√
~G/c3 ∼ 10−33cm,MPl =
√
~c/G ∼ 10−5g. Here the
vertical line M = MPl is often assumed to mark the
division between elementary particles (M < MPl) and
black holes (M > MPl), because one usually requires a
black hole to be larger than its own Compton wavelength.
The horizontal line R = `Pl is significant because quan-
tum fluctuations in the metric should become important
below this. Quantum gravity effects should also be im-
portant whenever the density exceeds the Planck value,
i.e. when R < (M/MPl)
1/3`Pl, which is well above the
R = `Pl line in Fig. 1 for M MPl.
Although the Compton and Schwarzschild boundaries
correspond to straight lines in the logarithmic plot of
Fig. 1, this form presumably breaks down near the Planck
point. As one approaches the Planck point from the left
in Fig. 1, it has been argued [1–4] that the HUP should be
replaced by a Generalized Uncertainty Principle (GUP)
of the form
∆x >
~
∆p
+
(
α`2Pl
~
)
∆p . (1)
Here α is a dimensionless constant (usually assumed pos-
itive) which depends on the particular model and the
factor of 2 in the first term has been dropped . This
form of the GUP is indicated by the top curve in Fig. 2.
Variants of (1) can be found in other approaches to
quantum gravity, including loop quantum gravity [5, 6],
string theory [7–12], non-commutative quantum mechan-
ics [13], gravity ultraviolet self-completeness [14] and gen-
eral minimum length considerations [15–17].
If we rewrite (1) using the same substitution ∆x→ R
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2and ∆p→ cM as before, it becomes
R > R′C ≡
~
Mc
+
αGM
c2
=
~
Mc
[
1 + α
(
M
MPl
)2]
. (2)
This expression might be regarded as a generalized
Compton wavelength, the last term representing a small
correction as one approaches the Planck point from the
left. However, one can also apply (2) for M  MPl and
it is interesting that in this regime it asymptotes to the
Schwarzschild form, apart from a numerical factor [18].
This suggests that there is a different kind of positional
uncertainty for an object larger than the Planck mass,
related to the existence of black holes. This is not un-
reasonable since the Compton wavelength is below the
Planck scale (and hence meaningless) here. Also an out-
side observer cannot localize an object on a scale smaller
than its Schwarzschild radius.
The GUP has important implications for the black hole
horizon size, as can be seen by examining what hap-
pens as one approaches the intersect point from the right
Fig. 1. In this limit, it is natural to write (2) as
R > R′S =
αGM
c2
[
1 +
1
α
(
MPl
M
)2]
(3)
and this represents a small perturbation to the
Schwarzschild radius for M MPl if one assumes α = 2.
There is no reason for anticipating α = 2 in the heuristic
derivation of the GUP. However, the factor of 2 in the ex-
pression for the Schwarzschild radius is precise, whereas
the coefficient associated with the Compton term is some-
what arbitrary. This motivates an alternative approach
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FIG. 2: The upper curves show |∆x| versus ∆p for the GUP
with α > 0 in its linear and quadratic forms, these giving
a smooth transition between particles and black holes. For
α < 0, |∆x| has a minimum at 0 with a discontinuus gradient,
so that the black hole and particle states are disconnected.
For more general forms of the GUP and GEH, in which the
parameters α and β are independent, the relationship between
particles and black holes is more complicated.
in which the free constant in (2) is associated with the
first term rather than the second. One then replaces
Eqs. (2) and (3) with the expressions
R′C =
β~
Mc
[
1 +
2
β
(
M
MPl
)2]
(4)
and
R′S =
2GM
c2
[
1 +
β
2
(
MPl
M
)2]
(5)
for some constant β, with the second expression being
regarded as a Generalized Event Horizon (GEH).
An important caveat is that (1) assumes the two un-
certainties add linearly. On the other hand, since they
are independent, it might be more natural to assume that
they add quadratically [19]:
∆x >
√(
~
∆p
)2
+
(
α`2Pl∆p
~
)2
. (6)
This corresponds to the lower GUP curve in Fig. 2. We
refer to Eqs. (1) and (6) as the linear and quadratic forms
of the GUP. Adopting the β formalism, then gives a uni-
fied expression for generalized Compton wavelength and
event horizon size
R′C = R
′
S =
√(
β~
Mc
)2
+
(
2GM
c2
)2
, (7)
leading to the approximations
R′C ≈
β~
Mc
[
1 +
2
β2
(
M
MPl
)4]
(8)
and
R′S ≈
2GM
c2
[
1 +
β2
8
(
MPl
M
)4]
(9)
for M  MPl and M  MPl, respectively. These might
be compared to the exact expressions in the linear case,
given by Eqs. (4) and (5).
Regardless of the exact form of the GUP, these argu-
ments suggest that there is a connection between the Un-
certainty Principle on microscopic scales and black holes
on macroscopic scales. This is termed the Black Hole
Uncertainty Principle (BHUP) correspondence and it is
manifested in a unified expression for the Compton wave-
length and Schwarzschild radius [20]. It is a natural con-
sequence of combining the notions of the GUP and the
GEH. Indeed, it would be satisfied for any form of the
function R′C ≡ R′S which asymptotes to RC for M MPl
and RS for M  MPl. Models in which this function is
symmetric under the duality transformation M ↔ 1/M
(such as the linear and quadratic forms given above) are
said to satisfy the strong BHUP correspondence [20].
3One controversial implication of the BHUP correspon-
dence is that it suggests there could be sub-Planckian
black holes with a size of order their Compton wave-
length. For example, one can argue that there is only a
low probability of sub-Planckian objects becoming black
holes [21, 22]. In fact, it has been claimed that loop quan-
tum gravity already predicts the existence of such black
holes [23–28], with their radius having precisely the form
(7) associated with the quadratic GUP [19]. However,
these ‘loop black hole’ (LBH) solutions are really worm-
holes and they involve another asymptotic space. Their
physical validity is contentious and there are also some
technical subtleties associated with them. In this pa-
per, we explore another type of solution which involves
sub-Planckian black holes but avoids some of the compli-
cations associated with the LBH solution. In particular,
it implies a linear rather than quadratic form of the GUP
and it does not involve another asymptotic space.
The continuity between the Compton and
Schwarzschild lines shown by the upper curves in
Fig. 2 suggests some link between elementary particles
and sub-Planckian black holes. However, one might
prefer to maintain a distinction between these objects.
For example, the function |∆x| has a minimum at 0
for models with α < 0 (bottom curve) but with a
discontinuity in the gradient. Since R′C = R
′
S = 0 at this
point, one effectively has G→ 0 (no gravity) and ~→ 0
(no quantum discreteness), which relates to models
involving asymptotic safety [29] and world crystals [30].
The distinction between particles and black holes could
also be maintained with more general forms of the GUP
and GEH. For example, Sec. II considers the possibility
that the parameter α describing the GUP and the
parameter β describing the GEH are independent. In
this case, there are still sub-Planckian black holes but
the relationship between these and elementary particles
becomes more complicated.
The plan of this paper is a follows. In Sec. II we discuss
the concept of mass using the Komar integral and find
that this provides a useful way of linking black holes and
elementary particles. Our definition of mass naturally
implies a linear form for the GUP and it also suggests
that gravity is effectively 2-dimensional near the Planck
scale. In Sec. III we introduce a new black hole solution,
which resembles Schwarzschild except that the mass is in-
terpreted differently and relates to the definition given in
Sec. II. We examine the thermodynamical properties of
these solutions in Sec. IV, using two different derivations
of the temperature. These agree asymptotically in the
large and small mass regimes and suggest that the tem-
perature of a sub-Planckian black holes is proportional
to its mass. In Sec. V we examine the cosmological con-
sequences of this. We draw some general conclusions in
Sec. VI.
II. PLANCK BLACK HOLES AND BEYOND
Let us recall some basic ideas and open problems con-
cerning black holes at the Planck scale. In the standard
picture, the Schwarzschild solution is obtained by solving
Einstein’s equations in vacuum and matching the metric
coefficients with the Newtonian potential as a boundary
condition to fix the integration constant. This constant
relates to the mass specified by the Komar integral [31,
p. 251]:
M ≡ 1
4piG
∫
∂Σ
d2x
√
γ(2) nµσν∇µKν (10)
where Kν is a timelike vector, Σ is a spacelike surface
with unit normal nµ, and ∂Σ is the boundary of Σ (typi-
cally a 2-sphere at spatial infinity) with metric γ(2)ij and
outward normal σµ.
For a large mass black hole, M  MPl, quantum ef-
fects are negligible and one finds the usual Schwarzschild
solution. For a sub-Planckian object (M < MPl), how-
ever, the mass parameter can simultaneously refer to a
particle and a Schwarzschild black hole. Usually one re-
jects the existence of such black holes because RS would
be smaller that `Pl, making the application of general
relativity unreliable. As a result, one generally considers
only the particle case in the sub-Planckian regime and
writes (10) as
M ≡
∫
Σ
d3x
√
γ nµKνT
µν ' −4pi
∫ RC
0
dr r2T 00 (11)
where γ is the determinant of the spatially induced metric
γij , Tµν is the stress-energy tensor and T 00 accounts for
the particle distribution on a scale of order RC. This
corresponds to the rest mass appearing in the expression
for the Compton wavelength, RC = ~/(Mc).
Let us now consider another situation: a decaying
black hole with mass M & MPl. The fate of such an
object is an open problem in quantum gravity and con-
nects with the definition of the mass. There are at least
three possible scenarios for the end-point of evaporation.
(i) The black hole keeps decaying semi-classically with
a runaway increase of the temperature and a final explo-
sion involving non-thermal emission of hard quanta. In
this case, the energy momentum tensor exhibits an inte-
grable singularity, T 00 = −Mδ(~x), and the Komar energy
has a standard profile. However, this scenario may be
criticized since it relies on classical and semi-classical ar-
guments applied to a quantum gravity dominated regime.
(ii) Quantum gravity effects modify the classical profile
of the mass-energy distribution, so that T 00 6= −Mδ(~x).
This happens in a variety of proposals, including asymp-
totically safe gravity [32], non-commutative geometry
[33–35], non-local gravity [14, 36, 37] and gravitational
self-completeness [38–41]. In all these cases, the end-
point of evaporation turns out to be a stable zero-
temperature extremal black hole configuration, preceded
by a positive heat capacity cooling phase. The Komar
4energy would again be defined by (10), while the size of
the black hole remnant would correspond to the natural
ultraviolet cut-off of quantum gravity. This means that
the endpoint of evaporation separates the two phases,
i.e., particles and black holes. Such a scenario has the
following three properties:
• singularity avoidance or inaccessibility
• non-singular final stage of evaporation
• consistent definition of black hole size with RS >
`Pl for all masses.
Despite the virtues of such a proposal, we do not yet
have a universally recognized principle to support it or
any proof that it represents the unique alternative to the
semiclassical scenario (see [42] for a further discussion).
Only a self-consistent theory of quantum gravity can con-
firm this possibility.
(iii) In the absence of further theoretical indications or
experimental evidence, we explore a third scenario, which
reverses the usual logic but still assumes the above three
properties. In so far as the black hole undergoes a final
stage of evaporation, the major contribution to integral
(10) will be
M = −4pi
∫ `Pl
0
dr r2T 00 (12)
where T 00 accounts for an unspecified quantum-
mechanical distribution of matter and energy. One still
has M 6= −Mδ(~x) but the profile differs from the second
scenario. Integral (12) is generally not known and might
lead to a completely different definition of the Komar
energy. Some anomalies are expected to emerge at the
Planck scale since they already emerge at the GUP level.
A. Black Holes Versus Elementary Particles
The parameter M is simultaneously the particle rest
mass and Komar energy in (2) and (5). Inspired by the
dual role of M in the GUP, we now explore a variant
of the third scenario above, based on the existence of
sub-Planckian black holes, i.e. quantum mechanical ob-
jects that are simultaneously black holes and elementary
particles; we dub these “black particles”. In this context,
we suggest that the Arnowitt-Deser-Misner (ADM) mass,
which coincides with the Komar energy in the stationary
case, should be
MADM = M
(
1 +
β
2
M2Pl
M2
)
(13)
since the associated value of 2GM/c2 then interpo-
lates between the standard super-Planckian (M 
MPl), trans-Planckian (M & MPl) and particle-like sub-
Planckian (M < MPl) behaviours. One justification for
(13) could be that this implies the GUP, since
2MADM
r
=
2∆p
c∆x
, (14)
provided the momentum term is replaced by
∆p −→ ∆p+ M
2
Plc
2
∆p
. (15)
Given that the exact nature of gravitation at the Planck
scale is unknown, there is perhaps no way to assess the
plausibility of this argument.
This approach suggests that (in some sense) elemen-
tary particles are sub-Planckian black holes, i.e. quan-
tum mechanical objects with event horizons. However,
while Fig. 2 assumes that the curves R′C(M) and R
′
S(M)
are the same, the gravitational correction to the Comp-
ton wavelength could in principle be independent of the
quantum mechanical correction to the Schwarzschild ra-
dius. Accordingly, we now explore an alternative sce-
nario in which the generalized Compton wavelength and
Schwarzschild radius are still defined by (2) and (5), re-
spectively, but with α and β being unrelated parameters.
This is illustrated in Fig. 3. The novelty is that R′S is de-
fined for M < MPl, which extends the duality relation
M ↔M−1 exhibited by the GUP to the GEH. Thus R′C
describes the compression phase of a particle that even-
tually collapses into a black hole, while R′S describes a
black hole decaying into a black particle (i.e. the oppo-
site process).
The expressions for R′C and R
′
S coincide at
Mf =
√
1− β
2− α MPl , (16)
so this is the fundamental mass scale at which the tran-
sition between quantum mechanics and classical gravity
takes place. Eq. (16) has a solution if the radicand is
positive, which corresponds to β < 1 and α < 2 or β > 1
and α > 2. We can also associate a fundamental length
scale with the mass Mf :
Lf =
(√
2− α
1− β + α
√
1− β
2− α
)
`Pl
=
(
|2− αβ|√
(1− β)(2− α)
)
`Pl , (17)
where the last expression applies for the values of α and
β for which Mf and Lf are defined. If β = 1 and α = 2,
the condition R′C = R
′
S becomes an identity. This cor-
responds to full reversibility of the aforementioned pro-
cesses of particle compression and black hole decay. The
BHUP correspondence itself requires α = 2β, since this
ensures that ∆x can map into both R′C given by (2) and
R′S given by (5).
For 0 < β < 1 and 0 < α < 2, as illustrated in
Fig. 3 (left), we have a scenario in which the generalized
Compton wavelength is bigger than the GEH in the sub-
Planckian regime (R′C > R
′
S) but smaller than it in the
trans-Planckian regime (R′C < R
′
S). This means that par-
ticles have gravitational radii smaller than their actual
size. Furthermore, the compression phase is halted by
5the formation of a black hole with horizon radius 2GM/c2
in the super-Planckian regime. However, the reverse pro-
cess of black hole decay does not stop at the fundamental
scale but leads to the formation of a sub-Planckian black
hole, interpreted as a quantum mechanical object which
is more compressed than an elementary particles of the
same mass. Such black holes would correspond to the
‘quantum domain’ in Fig. 1.
For β > 1 and α > 2, as illustrated in Fig. 3 (right), we
have the opposite scenario, with the generalized Comp-
ton wavelength being smaller than the GEH in the sub-
Planckian regime (R′C < R
′
S) but bigger than it in the
super-Planckian regime (R′C > R
′
S). This means that
the gravitational short-scale cut-off exceeds 2GM/c2 in
the super-Planckian regime and that sub-Planckian black
holes exhibit a neo-semiclasical character, corresponding
to the ‘classical domain’ in the left side of the phase di-
agram.
B. Possible Link with 2D Gravity
The scale Mf plays a crucial role in the above discus-
sion. It arises even in the standard picture as the mass
at which quantum gravity “capsizes” the power depen-
dence of M on length scale. We here offer a possible
(if incomplete) explanation of how such a quantum grav-
ity mechanism could work. First, we recall that (1+1)-
D dilaton black holes naturally encode a 1/M term in
their gravitational radii (see for instance [43–55]). We
also recall that according to t’Hooft [56], gravity at the
Planck scale might experience a (1+1)-D phase due to
spontaneous dimensional reduction. Such a conjecture
is further supported by studies of the fractal properties
of a quantum spacetime. Because of its intrinsic graini-
ness and the local loss of resolution, quantum spacetime
is expected to behave like a fractal at the Planck scale.
Accordingly, one can consider the spectral dimension, an
effective indicator of the fractal dimension as perceived
in a random walk or diffusive process. In several quan-
tum gravity formulations, the spacetime dimension at the
Planck scale decreases and approaches two [57–70].
As a result, the decaying black hole might experience a
transition to a temporary (1+1)-D phase when approach-
ing the Planck scale. At this point the Komar energy
can be defined in much the same way as for dilaton black
holes [55, 71]:
M ∼
∫
dx
√
g(1) n
(2)
i T
i
0 , (18)
where g(1) is the determinant of the spatial section of gij ,
the effective 2D quantum spacetime metric, and (2)T i0
is the dimensionally reduced energy-momentum tensor.
As noted in [71], once black holes undergo the transi-
tion to (1+1)-D geometry, they are no longer sensitive
to any Planck scale discrimination between classical and
quantum gravity. In 2D the coupling constant is dimen-
sionless and black holes can naturally be extended to the
sub-Planckian sector.
FIG. 3: Generalized Compton scale (red solid curve, Eq. 2)
and Generalized Event Horizon scale (blue dashed curve,
Eq. 5) for the two ranges of α and β. Left: α = 0.5, β = 0.7;
Right: α = 3, β = 2. The two curves cross at Mf and Lf given
by (16) and (17).
III. A NEW QUANTUM-CORRECTED BLACK
HOLE SOLUTION
On the basis of the discussion of the previous section,
we posit a quantum correction to the Schwarzschild met-
6ric of the form
ds2 = F (r)dt2 − F (r)−1dr2 − r2dΩ2
F (r) = 1− 2
M2Pl
M
r
(
1 +
β
2
M2Pl
M2
)
, (19)
where we henceforth use units with ~ = c = 1. The met-
ric (19) is Schwarzschild-like, in the sense that the modifi-
cation factor 1+βM2Pl/(2M
2) is coordinate-independent.
It is a vacuum solution with the usual tensor and scalar
behaviour. Although we have not removed the singular-
ity, we will show that it can never be reached. We note a
possible connection with the energy-dependent metrics
proposed in the framework of “gravity’s rainbow”[72].
We also note that such a way of tackling the problem
resembles the findings of Camacho, who distinguished
the bare and renormalized mass in QFT in presence of
stochastic metric fluctuations [73].
The horizon size for the metric (19) is given by
rH =
2
M2Pl
(
M2 + β2M
2
Pl
M
)
= R′S , (20)
as anticipated. The relationship between rH and M is
shown in Fig. 4. In the three mass regimes, we find
M MPl =⇒ rH ≈ 2M
M2Pl
(21)
M ≈MPl =⇒ rH ≈ 2 + β
MPl
(22)
M MPl =⇒ rH ≈ β
M
. (23)
The first expression is the standard Schwarzschild radius
The intermediate expression gives a minimum of order
`Pl, so the Planck scale is never actually reached for β >
0, in agreement with the principle of inaccessibility of
the singularity. The last expression scales inversely with
mass and resembles the Compton wavelength.
The metric exhibits dimensional reduction: in the clas-
sical regime, it is the (3 + 1)-D Schwarzschild solution,
while in the sub-Planckian limit it resembles the (1+1)-D
limit of general relativity [43], in which the horizon radius
also scales as M−1. Note that the actual dimension of the
manifold is still four; the form of the metric circumvents
the necessity of introducing a specific dynamical dimen-
sional reduction mechanism. In other words, the M−1
dependence is just the memory of a temporary (1 + 1)-D
phase at the Planck scale.
For β > 0. Eq. (20) can be inverted to give the two
masses associated with a given horizon radius rH. It is
instructive to write these as
2M±
M2Pl
=
rH ±
√
r2H − 8β`2Pl
2
, (24)
FIG. 4: Horizon radius (20) as a function of mass M/MPl for
β = 1 (red, top), β = 0.5 (blue, second down), β = 0.1 (green,
third down) and β = −1 (blue, bottom). In the last case, the
horizon vanishes when M =
√|β|/2MPl and is defined only
for M >
√|β|/2MPl.
which gives a minimum radius
rmin = 2
√
2β `Pl, (25)
and an associated mass
M(rmin) =
√
β/2MPl . (26)
This is illustrated in Fig. 4. Since rH ≥ rmin, the singu-
larity can never be externally probed, which is in agree-
ment with the claimed ultraviolet self-complete character
of gravity [38, 39].
For β < 0, only the M+ solution applies and from (20)
this admits an horizon only for M >
√|β|/2MPl. This
suggests there are sub-Planckian black holes in this case
only for 0 > β > −2. It has been claimed that the form
of the GUP predicted by loop quantum gravity [5, 6]
implies β < 0 because the lattice structure of spacetime
reduces the fluctuations. However, the LBH solution can
still have β > 0 in the quadratic GUP case [19]. It should
be noted that solutions with β < 0 are not endowed with
a ultraviolet cutoff. In the limit rH → 0 one finds M →√|β|/2MPl, but there is still a divergent temperature
(see below). Therefore the situation is not different from
the standard evaporation scenario, although it could have
interesting thermodynamical aspects.
We can also express the metric in terms of the Newto-
nian potential
F (r) = 1 + 2Φ(r), Φ = − 1
M2Pl
M
r
(
1 +
βM2Pl
M2
)
. (27)
7We then find
Φ(r) ∼ − β
rM
(28)
in the limit M  MPl. This still corresponds to an
inverse-square force law but it is large at small masses.
In the limit M  MPl, we recover the classical Newto-
nian potential. This is reminiscent of the “strong” grav-
ity model of the 1970s, which was introduced in an at-
tempt to model elementary particles as black holes [74–
77]. With ordinary gravity, an elementary particle is
much larger than its Schwarzschild radius, the factor be-
ing (MPl/mp)
2 ∼ 1040 for a proton. However, it could
be interpreted as a black hole if the gravitational con-
stant were increased by this factor. So this is another
interpretation of the BHUP correspondence.
IV. GUP AND BLACK HOLE
THERMODYNAMICS
Given the metric (19), we now explore the thermo-
dynamics of the black hole solutions in the three limits
considered above (super-Planckian, trans-Planckian and
sub-Planckian). Since the exact nature of the physics
is unknown in the trans-Planckian and sub-Planckian
regimes, we use two approaches. We first calculate the
temperature using the traditional Adler approach [1–4]
and then calculate it using the surface gravity argument.
These give slightly different results, although they agree
asymptotically.
A. Adler Method
Let us first recall the link between black hole radiation
and the HUP [78, 79]. This arises because we can obtain
the black hole temperature for M  MPl by identifying
∆x with the Schwarzschild radius and ∆p with a multiple
of the black hole temperature:
kT = ηc∆p =
η~c
∆x
=
η~c3
2GM
. (29)
This gives the precise Hawking temperature if we take
η = 1/(4pi). The second equality in (29) relates to the
emitted particle and assumes that ∆x and ∆p satisfy
the HUP (one can include the factor of 2 in the HUP
by rescaling η.). The third equality relates to the black
hole and assumes that ∆x is the Schwarzschild radius.
Both these assumptions require M  MPl, so we now
generalize this argument.
Adler et al. [1–4] calculate the modification required if
∆x is still associated with the Schwarzschild radius but
∆p and ∆x are related by the linear form of the GUP. In
this case, identifying the size of the black hole with the
wavelength of the emitted radiation gives
2GM
c2
=
~ηc
kT
+
αGkT
ηc4
(30)
where α is the parameter in (1). This leads to a temper-
ature
T =
ηMc2
αk
(
1−
√
1− αM
2
Pl
M2
)
, (31)
giving a small perturbation to the standard Hawking
temperature,
T ≈ η~c
3
2GkM
[
1 +
αM2Pl
4M2
]
, (32)
for M  MPl. However, the exact expression becomes
complex when M falls below
√
αMPl, corresponding to
a minimum mass and a maximum temperature. This is
indicated by the curve on the right in Fig. 5.
In the present model, (19) suggests that the tempera-
ture is still given by (31) providing M is interpreted as
the ADM mass (13). However, since this has a minimum
value of
√
β/2MPl, the temperature reaches a maximum
and then decreases for α < 2β rather than going complex.
We can also express T in terms of M by identifying the
size of the black hole with the wavelength of the emitted
radiation:(
~ηc
kT
)
+
(
α`2PlkT
~ηc
)
=
(
~β
Mc
)
+
(
2GM
c2
)
. (33)
This implies
kT =
ηMc2
α
f(M,α, β) (34)
where the function f is real for α < 2β and given by
f(M,α, β) = 1 +
β
2
(
MPl
M
)2
(35)
±
√
1 + (β − α)
(
MPl
M
)2
+
β2
4
(
MPl
M
)4
.
This can be approximated by
T ≈ η~c
3
2GkM
[
1−
(
2β − α
4
)(
MPl
M
)2]
(36)
for M MPl and
T ≈ ηMc
2
kβ
[
1−
(
2β − α
β2
)(
M
MPl
)2]
(37)
for M  MPl. The overall behaviour of T is shown by
the lower curve in Fig. 5.
In the special case α = 2β, associated with the BHUP
correspondence, one obtains the solution [20]
kT = min
[
~ηc3
2GM
,
2ηMc2
α
]
. (38)
This is indicated by the middle curve in Fig. 5. The
first expression in (38) is the exact Hawking temperature,
8with no small correction term, but one must cross over
to the second expression below M =
√
α/4MPl in order
to avoid the temperature going above the Planck value
TPl = MPlc
2/k. The second expression in (38) can be
obtained by putting ∆x = ~β/(Mc) in (29). Since T <
TPl for all M , the second equality in (29) still applies to
a good approximation.
Equation (38) also applies for loop black holes [19] but
the physical interpretation is somewhat different in that
case. This is because there are two different asymptotic
spaces in the LBH solution and the temperature of a sub-
Planckian black hole goes as M3 in our space and M in
the other space. (The heuristic argument only gives the
temperature in the space which contains the event hori-
zon.) In the present case, there is only one asymptotic
space and the different M -dependences for M < MPl and
M > MPl just arise from the metric’s limiting behaviour.
B. Surface Gravity Method
One can also use another argument to obtain the black
hole temperature. If this is determined by the black
hole’s surface gravity [78, 79], one expects
T =
κ
2pi
=
1
4pi
dgtt
dr
∣∣∣∣
r=rH
, (39)
which gives
T =
M2Pl
8piM(1 + βM2Pl/2M
2)
. (40)
This temperature is plotted in Fig. 6 and the limiting
behaviour in the different mass regimes is as follows:
M MPl =⇒ T ≈ M
2
Pl
8piM
[
1− β
(
MPl
M
)2]
(41)
M ≈MPl =⇒ T ≈ MPl
8pi(1 + β/2)
(42)
M MPl =⇒ T ≈ M
4piβ
[
1− 1
β
(
M
MPl
)2]
. (43)
!! !!!!!!log(T/TP)!
log(M/MP)!
!!! !!!
!
(!
(!
GUP!+!GEH!
α1/2!(α/4)1/2!
|!|!
!!
η α-1/2!
_!
α=2β!α<2β! α>2β!
FIG. 5: Comparing black hole temperature (34) to that pre-
dicted by Hawking, linear GUP and BHUP correspondence.
The largeM limit (41) is the usual Schwarzschild temper-
ature and is unstable. However, as the black hole evap-
orates, it reaches a maximum temperature (42). Below
this point, the thermodynamics stabilizes and the tem-
perature approaches zero as M → 0. The behaviour for
M MPl again replicates the temperature of a (1+1)-D
black hole, since this also scales as M [71]. As discussed
in Sec. V, this leads to effectively stable relics which might
in principle provide the dark matter [23–28, 70].
FIG. 6: Hawking temperature (40) implied by surface grav-
ity argument as a function of mass for β = 1 (red, bottom),
β = 0.5 (blue, middle), and β = 0.1 (green, top). The tem-
perature reaches a maximum at (42), after which the heat
capacity becomes positive and the black hole cools to a zero-
temperature configuration, at which point it evaporates com-
pletely.
If one were to plot (40) in Fig. 5, it would be simi-
lar to the lower curve but not identical. The tempera-
tures given by (34) and (40) agree to 1st order but not
to 2nd order. This is because comparison with (36) and
(37) shows that the higher order terms agree only for
α = −2β in the M  MP regime and α = β in the
M  MP regime. Therefore they cannot agree in both
asymptotic limits. The same problem arises in the LBH
solution and can only be resolved by arguing that the
definition of many physical quantities must be modified
as one approaches the Planck limit [19]. The qualitative
implications are similar in both cases.
If the temperature is given by (40), the black hole en-
tropy can be calculated in the usual fashion as
S =
∫ M
M0
dM ′
T (M ′)
= 4pik
(
M2
M2Pl
− M
2
0
M2Pl
+ β ln
M
M0
)
(44)
9where M0 < MPl is some lower bound of integration.
This expression is plotted in Figure 7. If the temperature
is given by (34), the expression for S is more complicated
but still has the same asymptotic limits. In both cases,
the presence of a logarithmic correction is consistent with
the entropy of a (1 + 1)-D Schwarzschild spacetime [43].
It also agrees with the notion that (1 + 1)-D black holes
are naturally quantum objects [71], emerging here via the
dependence of rH on M .
This is in agreement with a model-independent fea-
ture emerging from a variety of approaches to quan-
tum gravity including string theory [80], loop quantum
gravity [81], ultraviolet gravity self-completeness [38] and
other formulations based on mechanisms for counting mi-
crostates [82, 83]. The lower bound of integration repre-
sents some minimal configuration of the black hole, which
is possibly related to a quantity to be derived in the fol-
lowing section. The classical limit of (44) has the ex-
pected form S ∝ M2. The approach of a mass redef-
inition (13) is inspired by the GUP’s duality, and the
associated black hole thermodynamics obviously encodes
this. The above asymptotic agreements are encouraging,
since they suggest that the derived thermodynamical lim-
its are largely model-independent and so can be assumed
with a fair degree of confidence.
FIG. 7: Black hole entropy (44) as a function of mass for
β = 1 (red, top), β = 0.5 (blue. middle), and β = 0.1 (green.
bottom). The Planck scale is marked by the vertical hatched
line (M = MPl). For M > MPl, the entropy scales classically
as S ∼ M2 (plus sub-leading terms), while for M < MPl it
scales as S ∼ log(M/M0) and vanishes at M = M0 (set as 0.1
in the plot).
V. OBSERVATIONAL CONSEQUENCES
If the black hole temperature is given by (40), its lu-
minosity (L ∝ r2HT 4) can be written as
L = γ−1M−2
(
1 +
βM2Pl
2M2
)−2
(45)
where γ ∼ tPl/M3Pl. If the primordial black hole (PBH)
forms at time ti with mass Mi, its mass then evolves
according to
t− ti = γ
3
(M3i −M3) + γβ(Mi −M)M2Pl
− γβ
2
4
(
1
Mi
− 1
M
)
M4Pl . (46)
Although the black hole loses mass on a timescale
τ ∼M/L ∼ γM3(1 + βM2Pl/2M2)2 , (47)
it never evaporates entirely because the last term in (46)
implies that it takes an infinite time for M to go to zero.
Nevertheless, there are two values of M for which τ is
comparable to the age of the Universe (t0 ∼ 1017s) and
these turn out to have physical significance. One is super-
Planckian,
M∗ ∼ (t0/γ)1/3 ∼ (t0/tPl)1/3MPl ∼ 1020MPl ∼ 1015 g ,
(48)
and the other sub-Planckian,
M∗∗ ∼ β2(tPl/t0)MPl ∼ 10−60MPl ∼ 10−65 g , (49)
where we have assumed β ∼ O(1) in the last two esti-
mates. The mass M∗ is the standard expression for the
mass of a primordial black hole (PBH) evaporating at
the present epoch. This still applies except that the mass
does not shrink all the way to zero, i.e., for Mi  MPl
the usual Hawking lifetime τ ∝ M3 must be interpreted
as the time to shrink to the mass MPl. Thereafter the
mass quickly evolves to the value M∗∗ at which Lt0 ∼M .
Although this mass-scale may seem implausibly small, it
arises naturally in some estimates for the photon or gravi-
ton mass (e.g. in the work of Mureika and Mann [84]). It
effectively specifies the lower integration bound in (44),
i.e. M∗∗ = M0.
For Mi MPl, the mass at the present epoch (t0) has
reduced to
M = [M3i −M3∗ (1− ti/t0)]1/3 . (50)
Hence M ≈ Mi for M  M∗ (i.e. it is unchanged) and
M falls into the sub-Planckian regime for Mi < M∗. For
Mi  MPl, the mass at the present epoch has reduced
to
M =
Mi
1 +Mi(t0 − ti)/(β2MPltPl) ≈
Mi
1 +Mi/M∗∗
. (51)
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Hence M ≈ Mi for M  M∗∗ (i.e. it is unchanged)
and M ≈ M∗∗ for M∗  Mi  M∗∗. It is unclear
whether black holes can form with sub-Planckian mass;
probably they can only evolve there by evaporation from
the super-Planckian regime.
The mass cannot actually reach the value M∗∗ at the
present epoch because of the effect of the cosmic mi-
crowave background (CMB). This is because the black
hole temperature is less than the CMB temperature
(TCMB), suppressing evaporation altogether, below an
epoch-dependent mass
MCMB = 10
−36(TCMB/3K) g . (52)
Accretion is expected to be unimportant [85], so the PBH
mass effectively freezes at this value. This leads to effec-
tively stable relics which might in principle provide a can-
didate for dark matter [28, 70]. The relic PBH mass de-
creases with time but the current value is around 10−4eV,
which is also the mass-scale associated with the dark en-
ergy.
The value of the PBH mass at the present epoch can be
approximated as Mi for Mi < MCMB and Mi > M∗ but
as MCMB for MCMB < Mi < M∗, as illustrated in Fig. 8.
The discontinuities at M∗ and MCMB would obviously be
smoothed out in a more precise treatment. The mass M∗
corresponds to a black hole radius
rH ∼ (t0/tPl)1/3`Pl ∼ rp ∼ 10−13cm (53)
and temperature
T ∼ (t0/tPl)−1/3tPl ∼ mp ∼ 1012K , (54)
where mp and rp are the mass and radius of the proton.
These quantities arise in the expressions for the size and
mass because of the Dirac “large number” coincidence
(t0 ∼ α−3/2G tPl where αG = Gm2p/~c ∼ 10−38 is the
gravitational fine structure constant). One expects such
PBHs to generate a background of 100 MeV gamma-rays
and cosmic rays, the constraints on such PBHs being well
explored [86].
The mass M∗∗ corresponds to a radius
rH ∼ (t0/tPl)`Pl ∼ 1060`Pl ∼ 1027cm (55)
and temperature
T ∼ (t0/tPl)−1tPl ∼ 10−28K . (56)
The first expression corresponds to the current cosmolog-
ical horizon size and the second to the Hawking tempera-
ture for a black hole with the mass of the Universe, so the
physical significance of such an extreme sub-Planckian
black hole (which we term a “minimon”) is unclear. It
might seem unlikely that such objects could have obser-
vational consequences but surprisingly strong constraints
are associated with gravitational and Dvali-Gabadadze-
Porrati (DPG) effects on the scale of clusters [87].
!!
M(to)!
Mi!
!!! !!!
!
MCMB!
|!|!
!!
M*!
_!
M**! M*!
M**!
MCMB!
|!
_!
_!
FIG. 8: Current black hole mass m ≡ M(t0) as a func-
tion of initial mass Mi, showing discontinuities at M∗ and
M∗∗ (where evaporation timescale equals age of Universe) and
MCMB (where black hole has CMB temperature, this decreas-
ing with epoch).
VI. DISCUSSION
The usual argument for the BHUP correspondence
starts with the GUP in the sub-Planckian regime, and
then extrapolates to black holes in the super-Planckian
regime to infer an expression for the GEH. We have pre-
sented a different approach, in which one starts with a
new type of black hole solution in the super-Planckian
regime and then extrapolates down to the sub-Planckian
regime to derive the GUP. In this sense, the GUP is en-
coded in the metric itself and the duality in the momen-
tum uncertainty ∆p ↔ 1/∆p suggests a mass duality
M ↔ 1/M in the gravitational sector.
We have also discussed the possibility that the GUP
and GEH lines in the (M,R) diagram are different. Even
in this case, one still has the possibility of sub-Planckian
black holes and this raises the issue of a possible rela-
tionship between black holes and elementary particles.
There is also some connection here to an approach based
on extending the de Broglie relations to the gravitational
domain [88].
We have presented a comprehensive analysis of the
thermodynamics of GUP black holes in the super-
Planckian to sub-Planckian regimes. Due to the lack of
an exact quantum theory of gravity, we have approached
the problem in two ways. First, we have followed the
standard method [1–4] of assuming the GUP a priori
and then deriving the implied thermodynamic character-
istics. Second, we have calculated the temperature from
the surface gravity of the new solution. The predicted
temperatures have the same form for the limiting cases
M MPl and M MPl, indicating that these features
may be model independent.
One novel aspect of this interpretation of the GUP
is that it implies effective dimensional reduction. This
11
is because the relationship between the horizon radius
and black hole mass in the super-Planckian and sub-
Planckian regimes corresponds to (3+1)-D and (1+1)-D
gravity, respectively. Indeed, the algebraic form of the
black hole parameters in (1 + 1)-D are the same as its
quantum mechanical characteristics. In this sense, two-
dimensional gravity is naturally quantum mechanical in
that the two theories become effectively indistinguish-
able. Instead of requiring two separate theories to govern
the classical and quantum regimes (i.e. general relativ-
ity and quantum mechanics), the problem is recast into
a single theory, where gravitation governs both, but in
different effective spacetime dimensions.
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